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ON THE DIFFERENCES BETWEEN ZUMKELLER AND
K-LAYERED NUMBERS
F. JOKAR
Abstract. In this paper, we investigate differences between Zumkeller num-
bers and k-layered numbers. We also prove a theorem stronger than Green-Tao
Theorem for Zumkeller and 4-layered numbers.
0. Introduction
A positive integer n is said to be a Zumkeller number if the positive divisors of
n can be partitioned into two disjoint subsets of equal sum [3]. In this paper, in
the first section, we investigate differences between Zumkeller numbers and prove
a theorem stronger than Green-Tao theorem for Zumkeller numbers. In the second
section, we define k-layered numbers which are the generalization of Zumkeller
numbers and investigate differences between k-layered numbers. We also prove a
theorem stronger than Green-Tao theorem for 4-layered numbers.
1. differences between Zumkeller numbers
Definition 1.1. A positive integer n is said to be a Zumkeller number if the
positive divisors of n can be partitioned into two disjoint subsets of an equal sum.
A Zumkeller partition for a Zumkeller number n is a partition {A,B} of the set of
positive divisors of n so that each of A and B sums to the same value.
Proposition 1.2. If the integer n is a Zumkeller number, then σ(n) must be even.
Proposition 1.3. A positive integer n is Zumkeller if and only if
σ(n)
2 can be
represented as a sum of distinct positive divisors of n.
Proposition 1.4 (see [3]). If the integer n is Zumkeller and w is relatively prime
to n, then nw is Zumkeller
Now we define practical numbers which have an important relation with Zumkeller
numbers.
Definition 1.5. A positive integer n is said to be a practical number if every
positive integer less than n can be represented as a sum of distinct positive divisors
of n.
Following proposition gives very good information about the structure of prac-
tical numbers.
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Proposition 1.6 (see [2]). A positive integer n with the prime factorization pk11 p
k2
2 . . . p
km
m
and p1 < p2 < · · · < pm is a practical number if and only if p1 = 2 and pi+1 ≤
σ(pk11 . . . p
ki
i ) + 1 for 1 ≤ i ≤ m− 1
Proposition 1.7. A positive integer n is a practical number if and only if every
integer less than or equal to σ(n) can be written as a sum of distinct divisors of n.
Now we define almost practical numbers which include practical numbers, too.
Definition 1.8. A positive integer n is called an almost practical number if all of
the numbers j which 2 < j < σ(n)− 2 or j = σ(n)− 1, can be written as a sum of
distinct divisors of n.
Proposition 1.9 (see [2]). Let n 6= 3 be an odd positive integer and 1 = d1 < d2 <
· · · < dk = n are the divisors of n. We also define σi = d1 + d2 + · · · + di. Then,
n is an almost practical number if and only if d2 = 3, d3 = 5 and for i ≥ 3, at least
one of the followings are true:
(a)di+1 ≤ σi − 2 and di+1 6= σi − 4.
(b)di+1 = σi − 4 and di+2 = σi − 2.
Here we state a theorem which will have an important role in constructing almost
practical numbers.
Theorem 1.10 (see [2]). Let n 6= 3 be an almost practical number and p be a prime,
then pn is an almost practical number if and only if 2p ≤ σ(n)− 2, 2p 6= σ(n)− 4
Remark 1.11. If n = pα11 p
α2
2 . . . p
αm
m in which p1 < p2 < · · · < pm are all prime
factors of n, then σ3 = 9. Hence, p3 = 7
Proposition 1.12 (see [2]). Let n 6= 3 be an almost practical number and p be a
prime dividing n, then pn is an almost practical number.
Now we are going to investigate the relation between almost practical numbers
and Zumkeller numbers.
Proposition 1.13. Let n 6= 3 be an almost practical number. Then, n is Zumkeller
if and only if σ(n) is even.
Proof. If n is Zumkeller, then by Proposition 1.2, σ(n) is even. If σ(n) is even, then
σ(n)
2 can be written as a sum of distinct divisors of n. Therefore, n is Zumkeller by
Proposition 1.3. 
Example 1.14. Let s be a natural number. Then, n = 2s×3 is a practical number
and σ(n) is even. Hence, n is Zumkeller.
Example 1.15. It easy to check that n = 33×5×7 is an almost practical number.
Now, let n = 3α1 × 5α2 × 7α3 , in which α1 > 2 and α2, α3 are positive integers.
Then, n is Zumkeller if and only if at least one of the exponents of its factors is
odd.
Example 1.16. It is easy to check that by Proposition 1.9, n = 32 × 5× 7 × p is
almost practical for p ≤ 103. Let n = 3α1 × 5α2 × 7α3 × pα4 , in which α1 > 1, α2,
α3, and α4 are positive integers, and p ≤ 103. Then, n is Zumkeller if and only if
at least one of the exponents of its factors is odd.
According to what we said, we have the following corollary:
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Corollary 1.17. Let ℓ be an even integer. Then, there is a Zumkeller number a
that a+ ℓ is also a Zumkeller number.
Proof. Suppose that ℓ is a an even integer. Then, there are k ∈ N and an even
integer 0 ≤ r < 18 that ℓ = 18k + r. By Example 1.14 and Proposition 1.4, we
have:
(1) If r = 0, then a = 6 and a+ℓ = 18k′+6 are Zumkellers (k′ is a nonnegative
integer which varies according to a and r),
(2) If r = 2, then a = 28 and a+ ℓ = 18k′ + 12 are Zumkellers,
(3) If r = 4, then a = 20 and a+ ℓ = 18k′ + 6 are Zumkellers,
(4) If r = 6, then a = 6 and a+ ℓ = 18k′ + 12 are Zumkellers,
(5) If r = 8, then a = 40 and a+ ℓ = 18k′ + 12 are Zumkellers,
(6) If r = 10, then a = 20 and a+ ℓ = 18k′ + 12 are Zumkellers,
(7) If r = 12, then a = 54 and a+ ℓ = 18k′ + 12 are Zumkellers,
(8) If r = 14, then a = 28 and a+ ℓ = 18k′ + 6 are Zumkellers,
(9) If r = 16, then a = 80 and a+ ℓ = 18k′ + 6 are Zumkellers.

Proposition 1.18. Let (a1, a2, . . . , ak) be a k-tuple of Zumkeller numbers that
a1 < a2 < · · · < ak and for every 1 ≤ i 6= j ≤ k, ℓij = ai − aj. There are infinitely
many k-tuples of Zumkeller numbers like (a′1, a
′
2, . . . , a
′
k) that a
′
1 < a
′
2 < · · · < a
′
k
and for every 1 ≤ i 6= j ≤ k, ℓij = a
′
i − a
′
j
Proof. Suppose that a1 < a2 < · · · < ak are Zumkeller numbers and for every
1 ≤ i 6= j ≤ k, ℓij = ai − aj . Then, a
′
1 = a
n
1a
n
2 . . . a
n
k + a1, a
′
2 = a
n
1a
n
2 . . . a
n
k + a2,
. . . , a′k = a
n
1a
n
2 . . . a
n
k + ak are Zumkeller numbers and for every 1 ≤ i 6= j ≤ k,
ℓij = a
′
i − a
′
j . 
Thus, we have the following theorem which is stronger than 1.17.
Theorem 1.19. For every ℓ ∈ N, there are infinitely many Zumkeller numbers like
a that a+ ℓ is also a Zumkeller number.
Proof. By example 1.16 and Proposition 1.13, n = 32 × 5× 7× 11 and 23 × 13 are
Zumkellers respectively. Now, let k be a positive integer. By Chinese remainder
theorem, there exists a number a that a ≡ 32×5×7×11(mod = 33×52×72×112)
and a+ k ≡ 23× 13× 7× 11(mod 24× 132). We also know that by Proposition 1.4
they are Zumkellers. Hence, by Proposition 1.18, the proof is complete. 
Remark 1.20. Let ℓ be an odd integer.The following algorithm is useful for finding
a Zumkeller number like a that a + ℓ is Zumkeller too. Suppose that ℓ is an
odd integer. There is a prime number p that p ∤ 945 and p ∤ ℓ. Let t be an
integer that p < 2 × 2t − 1 = σ(2t). Then, by Proposition 1.6 and 1.7, 2t × p is
a Zumkeller number. Therefore, there is an odd integer r1, 1 ≤ r1 < (2
tp)2 and
k1 ∈ N that ℓ = (2
tp)2k1 + r1. Let r2 = 2
tp − r1. There are 1 ≤ r3 < 945 and
k2 ∈ N that 945 = (2
tp)2k2 + r3 and since gcd(r3, 2
tp) = 1, there is r4 ∈ N that
r4r3 ≡ r2 (mod (2
tp)2) and gcd(r3, 2
tp) = 1. Let k4 ∈ N, q = (2
tp)2k4 + r4 be a
prime number and gcd(q, 945) = 1 (by Dirichlet’s Theorem we can find such a prime
number). Since 945 is Zumkeller and gcd(q, 945) = 1, a = q × 945 is a Zumkeller
number. There is also m ∈ N that gcd(m, 2tq) = 1 and a+ ℓ = 2tqm. Hence, a+ ℓ
is a Zumkeller number.
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Theorem 1.21 (See [5]). Let a be a Zumkeller and b be the smallest Zumkeller
number which is greater than a. Then, b− a ≤ 12
Proof. Suppose that a is a Zumkeller number. There are a, k ∈ N that a = 18k+ r
and 0 ≤ r < 18. If 0 ≤ r ≤ 12, then it is clear that there is r′ ∈ N that
a+ r′ = 18k + 12. Hence, by Example 1.14 and Proposition 1.4, it is a Zumkeller
number. If 13 ≤ r ≤ 18, then it is clear that there is an r′ ∈ N, 0 ≤ r′ ≤ 12 that
a+ r′ = 18(k + 1) + 6. Therefore, a+ r′ is a Zumkeller number. 
Corollary 1.22 (See [5]). The difference between consecutive Zumkeller numbers
is at most 12.
Remark 1.23. There are Zumkeller numbers a and b that b is the smallest Zumkeller-
number which is greater than a and b−a = 12. For instance, a = 222 is a Zumkeller
number. b = 224 is the smallest Zumkeller number which is greater that a and the
difference between them is 12.
1.1. Zumkeller numbers in arithmetic progressions. .
In number theory, primes in arithmetic progression are any sequence of at least three
prime numbers that are consecutive terms in an arithmetic progression. According
to the Green-Tao theorem, there exists arbitrarily large arithmetic progression of
primes. In this section, we try to find large progressions of Zumkeller numbers with
a specified common difference of n.
Theorem 1.24. If n = n1n2, in which n1 and n2 are relatively prime natural
numbers, n1 is practical with an odd prime divisor p such that p
α||n1 and α is odd.
Then, there exist arbitrarily large progressions of Zumkeller numbers with an equal
difference of n.
Proof. Let k ≥ 2 and s be an even number such that ps > k. Choose x so that
(1.25) x ≡ ps(mod ps+1)
Now let 0 ≤ t ≤ k and j be the greatest power of p that divides t (i.e. pj ||t). If j
is an odd number, then a practical number nt 6= 3 exists such that nt|n(x+ t) and
σ(nt) is even. Hence, 1.13 implies that nt is a Zumkeller number. Also, we can
choose nt such that gcd(
n(x+t)
nt
, nt) = 1. Therefore, 1.4 implies that n(x + t) is a
Zumkeller number, too.
If n = pα11 p
α2
2 . . . p
αm
m which 2 = p1 < p2 < · · · < pm are prime factors of n,
then 2 ≤ r ≤ m exists such that pr = p and for all integers 0 ≤ i ≤ r − 1 we
have pi+1 ≤ σ(p
α1
1 p
α2
2 . . . p
αi
i ) + 1 and by Bertrand’s postulate we can find a prime
number q1 such that
p < q1 < 2p < σ(p
α1
1 p
α2
2 . . . p
αr+1) + 1.
Also, there is a non-negetive integer β1 such that q
β1
1 ||n. If β1 is even, we assume
x + p ≡ q1(mod q
2
1) in addition to (1.25) and if β1 is odd, we assume x + p ≡
1(mod q21) in addition to (1.25). Chinese remainder theorem guarantees that such
an x exists. Similarly there exists a prime number q2 such that
p < q1 < σ(p
α1
1 p
α2
2 . . . p
αr+1) + 1 < q2 < σ(p
α1
1 p
α2
2 . . . p
αr+3) + 1
There is a non-negetive integer β2 such that q
β2
2 ||n. If β2 is even, we assume
x + 2p ≡ q2(mod q
2
2) in addition to previous conditions for x. If β2 is odd, we
assume x + 2p ≡ 1(mod q22) in addition to previous conditions for x. We continue
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this procedure similarly in every steps until we find qps−1−1 and the last condition for
x. Finally, we will find an x that n(x+t) is a Zumkeller number for all 1 ≤ t ≤ k. 
Theorem 1.26. If n = n1n2, in which n1 and n2 are relatively prime natural
numbers, n1 6= 3 is an odd almost practical with an odd prime divisor p such that
pα||n1, and α is odd. Then, there exist arbitrarily large progressions of Zumkeller
numbers with an equal difference of n.
Proof. Let k ≥ 2 and s be an even number such that ps > k. Choose x so that
it satisfies the equation 1.25. Now, let 0 ≤ t ≤ k and j be the gratest power of
p that divides t (i.e. pj ||t). If j is an odd number, then by Propositions 1.12 ,
an almost practical number nt 6= 3 exists such that nt|n(x + t) and σ(nt) is even.
Thus, 1.13 implies that nt is a Zumkeller number. Also, we can choose nt such
that gcd(n(x+t)
nt
, nt) = 1. Therefore, by 1.4, n(x + t) is a Zumkeller number too.
If n = pα11 p
α2
2 . . . p
αm
m which 3 = p1 < p2 < · · · < pm are prime factors of n, Then
2 ≤ r ≤ m exists such that pr = p and for all integers 0 ≤ i ≤ r − 1 we have
pi+1 ≤ σ(p
α1
1 p
α2
2 . . . p
αi
i ) + 1 and by Bertrand’s postulate theorem and remark 1.11
we can find prime numbers q1 ,q2 such that
p < 2q1 < 4p < 2q2 < 8p ≤ σ(p
α1
1 p
α2
2 . . . p
αr+1)− 2.
It is clear that there exists a prime like q′1 which q
′
1 ∈ {q1, q2} which 2q
′
1 6=
σ(pα11 p
α2
2 . . . p
αr+1) − 4. Also, there is a non-negative integer β1 such that q
′
1
β1 ||n.
If β1 is even, we assume x + p ≡ q
′
1(mod q
′
1
2
) in addition to (1.25). If β1 is odd,
we assume x + p ≡ 1(mod q′1
2
) in addition to (1.25).( Chinese remainder theorem
guarantees that such an x exists). Similarly, there exist prime numbers q3 and q4
such that
p < q1 < q2 < σ(p
α1
1 p
α2
2 . . . p
αr+1)− 2 < q3 < q4 < 16p ≤ σ(p
α1
1 p
α2
2 . . . p
αr+3)− 2.
It is clear that there exists a prime like q′2 which q
′
2 ∈ {q3, q4} which 2q
′
2 6=
σ(pα11 p
α2
2 . . . p
αr+1) − 4. There is a non-negetive integer β2 such that q
′
2
β2 ||n. If
β2 is even, we assume x + 2p ≡ q
′
2(mod q
′
2
2) in addition to previous conditions
for x, and if β2 is odd, we assume x + 2p ≡ 1(mod q
′
2
2
) in addition to previous
conditions for x. We continue this procedure similarly in every steps until we find
q′
ps−1−1 and the last condition for x. Thus, by Propositions 1.10 and 1.13, we found
an x that n(x+ t) is a Zumkeller number for all 1 ≤ t ≤ k. 
Corollary 1.27. If n = n1n2, in which n1 and n2 are relatively prime natural
numbers, n1 6= 3 is an almost practical with an odd prime divisor p such that
pα||n1, and α is odd, Then there exist arbitrarily large progressions of Zumkeller
numbers with an equal difference of n.
If the following essential conjecture holds, then we will be able to answer to a
lot of problems that are related to Zumkeller numbers.
Conjecture 1.28. There is an arbitrarily larg integer k that m1,m2, . . . ,mk are
Zumkeller numbers and gcd(mi,mj) = 1 for every 1 ≤ i, j ≤ k.
The following proposition shows a relation between the conjecture 1.28 and an-
other crucial conjecture which is related to Zumkeller numbers.
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Proposition 1.29. Let k be an arbitrary positive integer and m1,m2, . . . ,mk be
Zumkeller number that gcd(mi,mj) = 1 and 1 ≤ i, j ≤ k. Then, there exists a
Zumkeller number a such that a, a+ 1, a+ 2, . . . , a+ n are Zumkeller numbers.
Proof. The proof is identical to the theorem 1.19. 
If the conjecture 1.28 holds, by Proposition 1.29 , we can prove the following
conjecture.
Conjecture 1.30. For every positive integer like k, there exists a Zumkeller number
like a which a, a+ 1, a+ 2, . . . , a+ k are Zumkeller.
2. differences between k-layered numbers
In this section, we investigate k-layered numbers that are the generalization of
Zumkellers.
Definition 2.1. A positive integer n is said to be a k-layered number if the positive
divisors of n can be partitioned into k disjoint subsets of equal sum. A k-layered
partition for a k-layered number n is a partition {A1, A2, . . . , Ak} of the set of
positive divisors of n so that each of Ai and Aj hs the equla sum for 1 ≤ i 6= j ≤ k.
Proposition 2.2. If n is a k-layered number, then the followings are true:
(a) k|σ(n)
(b) kn ≤ σ(n)
Proposition 2.3. If the integer n is k-layered and w is relatively prime to n, then
nw is a layered number.
Theorem 2.4. If a ≤ b are two consecutive k-layered numbers, then b− a ≤ d2, in
which d is the smallest k-layered number.
Proof. Let k be a positive integer and a be a k-layered number. By Euclidean
division there exist two non-negative integer s and r that a = d2s+r (d is considered
as the smallest k-layered number). It is clear that there exists a positive integer r’
that d2 ≤ r′ and r + r′ ≡ d(mod d2). Thus, a+ r = d(ds + r+r
′
d
) and gcd(d, ds +
r+r′
d
) = 1. Hence, by Proposition 2.3, a+ r is a k-layered number. 
Theorem 2.5. Let k,k′ be positive numbers, m be a k-layered number, and n be a
k′-layered number that gcd(m,n) = 1. Then mn is a kk′-layered number.
Proof. A1, A2, . . . , Ak is a k-layered partition for m and B1, B2, . . . , B
′
k is a k
′-
layered partition for n. Finally,
⋃
1<i<k
1<j<k
AiBj is a kk
′-layered partition for mn. 
Corollary 2.6. If k1, k2, . . . , kr are positive integers that m1 is k1-layered, m2 is
k2-layered,. . . , and mr is kr-layered and gcd(mi,mj) = 1 for 1 ≤ i, j ≤ r, then
m1m2 . . .mr is a k1k2 . . . kr-layered number.
By corollary 2.6, we can prove the following theorem.
Theorem 2.7. Let k be an arbitrary positive integer. If the conjecture 1.28 holds,
then there exist a k-layered number and infinitely 2k-layered numbers that are rela-
tively prime to each other. Hence, there exist infinitly 2ℓk-layered number that are
relatively prime to each other and in which ℓ is an arbitrary positive integer.
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Example 2.8. By example 1.15, n1 = 3
α1 × 5α2 × 7α3 , in which α1 > 2, α2, α3
are positive integers, and at least one of the exponents of its factors is odd, is a
Zumkeller number. If α5 is an odd number, p ≤ 2
k+1 − 1 such that gcd(p, n1) = 1,
and n2 = 2
k × pα5 is Zumkeller, then by Proposition 1.6 and 1.7 and Theorem 2.5,
n = n1n2 is a 4-layered number.
Example 2.9. By example 1.16, n1 = 3
α1 × 5α2 × 7α3 × pα4 , in which α1 > 1 ,
α2, α3, α4 are positive integers, p ≤ 103, and at least one of the exponents of its
factors is odd, is Zumkeller. If α5 is an odd number, n2 = 2
kqα5 such that q 6= p is
prime number and q ≤ 2k+1−1, then by proposition 1.6 and 1.7 n1n2 is a 4-layered
number.
2.1. k-layered numbers in arithmetic progressions. .
In this section, we investigat k-layered numbers in arithmetic progressions.
Theorem 2.10. If n = n1n2 is a 2k-layered number, n1 and n2 are relatively prime
positive integers, n2 is a k-layered, n1 6= 3 is an almost practical number with an
odd prime divisor p such that pα||n1, and α is odd, then there exist arbitrarily large
progressions of k-layered numbers with an equal difference of n.
Proof. The proof is identical to theorem 1.27. 
Corollary 2.11. If n is a 4-layered number in a special form which was stated
in example 2.8 or example 2.9, then there exist arbitrarily large progressions of
4-layered numbers with an equal difference of n.
We can consider the generalization of conjecture 1.28, conjecture 1.30, and the-
orem 2.7 for k-layered numbers.
Remark 2.12. Let k, ℓ be arbitrary positive integer. If the conjecture 1.28 holds for
k-layered numbers, then it holds for kℓ-layered numbers.
References
[1] A.K. Srinivasan, Practical numbers, Current Sci. 17 (1948) 179180, MR0027799
[2] B.M. Stewart, Sums of distinct divisors, Amer. J. Math. 76 (1954) 779785
[3] K. P. S. Bhaskara Rao and Yuejian Peng, On Zumkeller numbers, Journal of Number Theory
133, No. 4 (2013) 1135-1155
[4] S. Clark, J. Dalzell, J. Holliday, D. Leach, M. Liatti, M. Walsh, Zumkeller numbers, presented
in the Mathematical Abundance Conference at Illinois State University on April 18th, 2008.
[5] The online Encyclopedia of Integer Sequences, https://oeis.org/A083207/.
Faculty of Mathematics, Ferdowsi University of Mashhad, Mashhad, Iran
E-mail address: jokar.farid@gmail.com
